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FEigenvalue Approximation by Mixed
and Hybrid Methods

By B. Mercier, J. Osborn*, J. Rappaz** and P. A. Raviart

Abstract. Rate of convergence estimates are derived for the approximation of eigenvalues
and eigenvectors by mixed and hybrid methods. Several closely related abstract results on
spectral approximation are proved. These results are then applied to a variety of finite
element methods of mixed and hybrid type: a mixed method for 2nd order problems, mixed
methods for 4th order problems, a hybrid method for 2nd order problems, and two mixed
methods for the Stokes eigenvalue problem.

1. Introduction. The use of mixed and hybrid methods for the approximate
solution of source problems has received considerable attention. We mention the
works of Herrmann [20], [21], Glowinski [19], Miyoshi [29], Oden [33], Johnson
[25], Mercier [27], Ciarlet-Raviart [10], Brezzi [6], [7], Scholz [42], [43], Brezzi-
Raviart [8], Oden-Reddy [35], Raviart-Thomas [40], [41], Falk [14], Falk-Osborn
[15], Rannacher [39], and Babuska-Osborn-Pitkiranta [5].

Nemat-Nasser [30], [31], [32] has observed that mixed methods are effective for
the approximation of eigenvalues of differential equations with rough coefficients.
Babuska-Osborn [3] establish rate of convergence estimates for these methods as
they pertain to ordinary differential equations.

Canuto [9] and Ishihara [23], [24] have studied eigenvalue approximations for the
biharmonic problem by mixed methods. For the 2nd order problems, Mercier-Rap-
paz [28] derived optimal estimates for a hybrid method, and Ishihara [22] obtained
estimates for a mixed method.

It is the purpose of this paper to prove several closely related abstract results on
eigenvalue approximation that can be applied to a wide variety of finite element
eigenvalue approximation methods of mixed or hybrid type (including most of
those mentioned above).

In Sections 2-6, we prove the abstract results. These are obtained as a conse-
quence of results of Osborn [36] and Descloux-Nassif-Rappaz [12], [13]. In Section
7, we apply these results to several finite element methods of mixed or hybrid type:
a mixed method for the 2nd order elliptic equations, mixed methods for 4th order
problems, a hybrid method for 2nd order problems, and two methods for the
approximations of the eigenvalues of the Stokes problem.
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We describe now the general types of problems that we will consider. Let X and
W be two complex Hilbert spaces with scalar products and norms (-, *)y, || - || x>
(¢ dus |l - lly» respectively, andleta: X X X 5 C,b: X X W-C,r: X X X >
C, and S: W X W — C be continuous sesquilinear forms. We consider eigenvalue
problems of the following two forms:

Find A € C, 0 # (u, p) € X X W satisfying

{ a(u, v) + b(v, p) = M(u,v), Vo € X,

@D b(u,q) =0, Vg e W.

Find A € C,0 # (4, p) € X X W satisfying

{ a(u, v) + b(v,p) =0, Vv € X,
b(u, q) = -rs(p, q), Vqge Ww.

We are interested in the approximations of eigenvalues of (Q1) and (Q2), and
toward this end we suppose we are given families of finite-dimensional spaces
X, C X and W, C W and consider the following approximate eigenvalue prob-
lems:

Find A, € C, 0 # (4, p,) € X,, X W, satisfying

(Q2)

(Q1), { a(u,, vy) + b(vy, pp) = Mr(wy, v,), Vo, € X,
b(u, g,) = 0, Vg, € W,.

Find A\, € C, 0 # (u,, p,) € X, X W, satisfying
a(u,, v,) + b(vy,p,) =0, Vy, € X,
b(w,, g,) = —NyS(Py»> 9n)» Vg, € W,.

We now regard A,, u,, and p, as approximations to A, u, and p, respectively, and
study the errors in these approximations.

Notations. Throughout this paper we shall use the Sobolev spaces W™?({2), where
Q is an open set in R", m is a nonnegative integer, and 1 < p < oo, with the usual
norms and seminorms || - ||,,,,0 and | - When p = 2, we denote W™*(Q) by
H™(Q) and write

(Q2), {

I mp,Q*

[Vlmg = [0lmae 10w = I0llmag-

We also use the vector versions of these spaces with the usual product norms and
notations: H'(2), for example, will denote the space of functions u(x) =
(uy(x), uy(x), . . ., uy(x)) with u; € H'®),j=1,2,...,d; the dimension d will be
understood from the context. HJ(R) is the subspace of functions in H'(Q) that
vanish on I' = 3Q. H'/T) is the space of traces v/T" of functions v € H'(Q) and
H~VT) is the dual space of H'/XT). H(div, ) = {g € LA(Q) = (L*(Q))": divg €
L*(R)} where div is the divergence operator.

2. A General Spectral Approximation Result. General results on spectral ap-
proximation for compact operators were obtained by Bramble-Osborn [4] and
Osborn [36]. Descloux-Nassif-Rappaz [12], [13] have refined and extended some of
the results of [4], [36].

In this section we state two general results on the approximation of eigenvalues
and eigenvectors of compact operators, referring to [36], [12] for proofs.



EIGENVALUE APPROXIMATION BY MIXED METHODS 429

Let T be a compact operator on a complex Banach space H with norm | - |4 and
let { T}, }on< be a family of compact operators on H satisfying

(2.1) lim |T — T,| = 0,

where | - | is the operator norm on H. The spectrum of T consists of a countable set
of complex numbers, and each nonzero number in the spectrum is an isolated
eigenvalue. Let u be a nonzero eigenvalue of 7. Then there exists a least integer a
such that Ker((p — T)*) = Ker((p — T)**") = E, with dimE =m < 0. a is
called the ascent of (p — T'), the elements of E the generalized eigenvectors of T
corresponding to p, and m the algebraic multiplicity of u. The order of a gener-
alized eigenvector f € E is the smallest positive integer j such that f &€
Ker((p — TY).

Let T*: H* —» H* be the adjoint operator of T defined on the dual space H* of
H, i.e. the space of bounded, conjugate linear forms on H. Then g is an eigenvalue
of T* with algebraic multiplicity m. The ascent of (g — T*) will be a. Let
E* = Ker((z — T*)*) be the space of generalized eigenvectors of T* correspond-
ing to [.

It is well known, as a consequence of (2.1), that exactly m eigenvalues of T,
(counted according to algebraic multiplicity) converge to u; we denote these by

Biws Mops + -« 5> Hompe

THEOREM 2.1. There are constants C and hg, such that, for 0 < h < h,

1 m
D L R I S (G AT

i=1 uEE* |uly=1

22) O EE,v% o1
T = a7 = Tl = b
a_ 1S a

(23) [ ;El Hin | < C8,
(24) b= pal” <C8  i=12...,m,

where (T — T,),z denotes the restriction of T — T, to E and | - |, is the operator
norm on H*. []

Given two closed subspaces M and N of H, we define
(M, N) = inf |u —
( ) sup. Jnf |u = oly

Jul =1

and then define §(M, N), the gap between M and N, by
8(M, N) = max[8(M, N), 8(N, M)].

Let E, be the direct sum of the generalized eigensubspaces of 7}, corresponding
tO Wips Mops - - - » s AS @ consequence of (2.1), dim E, = dim E = m for small h
and the eigenvector error, as measured by 6(E, E,), is estimated by

THROREM 2.2. There is a constant C such that

(2.5) 8(E,E)<C((T-T,), O
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Theorems 2.1 and 2.2 have been used to analyze a wide variety of eigenvalue
problems; cf. [12], [13], [36].

3. A General Result on Variationally Posed Eigenvalue Problems. We consider in
this section the approximation of variationally posed eigenvalue problems, i.e.,
eigenvalue problems of the form

G.1) Find A € C,0 # U € H, satisfying
' AU, V)=AB(U, V), VYV € H,,

where H, and H, are complex Hilbert spaces with norms || - ||, and || - ||, and 4:
H, X H,— Cand B: H, X H,— C are continuous sesquilinear forms satisfying
3.2) inf  sup |A(U, V)| = a; >0,

UEH, ypem,

V=1 | p|,=1
(3.3) sup |A(U, V)| >0 forall0#V € H,,

UeH,

and
(34) T: H, — H, is compact,

where T satisfies

A(TU, V)= B(U, V), VV € H,.
We are interested in approximating the eigenvalues of (3.1), and toward this end we
suppose we are given families of finite-dimensional subspaces S,, C H, and

S,, C H,, 0 <h < 1, with dim §;, = dim S,,, and we consider the approximate
eigenvalue problem

(3.5) { Find A\, € C, 0 # U, € §,, satisfying

A(U,, V) = NB(U,, V), YV, € Sy,
Concerning (3.5) we assume

inf  sup |A(U,, V)| > a, >0,
(3.6) UnESun v, €8y,
Ul =1 | 7,|,=1

where a, is independent of k, and

3.7 li inf |[U—- U, =0 f h U € H,.
(3.7) e U,,uels.,,” wll or eac: 1

A, U is an eigenpair of (3.1) if and only if A\TU = U, U # 0, i.e,, if and only if
p = 1/), U is an eigenpair of T. We define the algebraic multiplicity of A as the
algebraic multiplicity of p as an eigenvaue of T. The generalized eigensubspace
E = Ker((p — T)), where a is the ascent of (u — T), can be characterized in
terms of the form A and B as follows. For an integer j > 1, a nonzero vector U’ is
a generalized eigenvector of orderj if

AU, V) =AB(U, V) + M(UV~Y, V), VYV € H,,
for some nonzero generalized eigenvector U/~ ! of orderj — 1.
If A is an eigenvalue of (3.1) then A will have adjoint eigenvectors V, i.e., nonzero
V € H, satisfying
(3.8) A(U, V) =AB(U, V), YU € H,.
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(3.8) holds if and only if AT, V = V, where T,: H, — H, satisfies
A(TU, V)= A(U, T,V), YU €E H,,V € H,.

T, is formally the adjoint of T with respect to the form 4. The ascent of (i — T,)
is the same as the ascent of (p — 7). Denote the generalized adjoint eigenspace
(i.e. the generalized eigenspace corresponding to & and T,) by E, =
Ker((g — T,)*). V7 is an adjoint generalized eigenvector of order j if

A(U, V) = AB(U, V’) + M(U, V'~"), YU € H,,
for some adjoint generalized eigenvector ¥~ ! of orderj — 1.

Let A be an eigenvalue of (3.1) and let m be its algebraic multiplicity. As A tends
to zero, exactly m eigenvalues A, Ay - - -5 A,y Of (3.5) (counted according to
algebraic multiplicity) converge to A. Let A, = (1/m)=™., A,, and let E, be the
direct sum of the generalized eigenspaces corresponding to A, Ay, - - ., A,y Let

e,= sup inf ||U—- x|, and & = sup inf ||V — 9,
UEE XESu VeEE* ME€ESu
1Uly= [V ]l2=1

We are now ready to state our fundamental error estimate.

THEOREM 3.1. There are constants C and hy > 0 such that, for 0 < h < h,

(3.9) A = A,| < Ceef,

(3.10) A=Ayl < Clee?)V®, j=1,2...,m,
and

(3.11) 8(E,E,) < Cg,. O

For a proof of this theorem, in the case when the ascent is one, we refer to
Babuska and Aziz [2] and Fix [16]. For a complete discussion of this theorem and a
proof in the general case (which is based on Theorem 2.1), we refer to Kolata [26].

We now turn to the application of this result to a certain class of eigenvalue
problems of type (Q1) and (Q2). Let @ and b be continuous sesquilinear forms on
X X X and X X W, respectively, and assume

3.12) Re a(u, u) > B||ul%, VYu € V,B, >0,
where V' = {v € X: b(v, q) = 0, Vg € W}, and
b(u,
(3.13) sup LD 5y gy, va e W,y >0
wex llullx
Let X, C X and W, C W be finite-dimensional spaces and assume

(3.14) Re a(u,, u,) > B,llu,ll%» Vu, € V,,

where V, = {v, € X,: b(v,, q,) = 0, Vg, € W,}, B, independent of A,
|b(uys )

(3.15) sup —h—hl > Yl gullw, Vg, € W,

wex, ullx
v, independent of A, and

3.16 lim inf - + |lg — —0,
(19 "—>°(u;.,q,.)ex,.xwh(”“ wllx + 11g — aullw)

foreach (u,q) € X X W.
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We then consider the eigenvalue problems of type (Q1) and (Q2) with these
hypotheses satisfied. These problems and the associated finite-dimensional prob-
lems are easily seen to be of the form (3.1) and (3.5), respectively, with the
following identifications:

H =H,=X X W,

U= (up),

V= (O’ q9),

A(U, V) = A((u, p), (v, 9)) = a(u, v) + b(v, p) + b(u, q),

_ _ | r(u,0)  for problem (Ql),
B(U V) = B((w.p). (v, 9)) { -s(p, q) for problem (Q2),
Sin= Sz =X X W,

It is well known (Brezzi [6], Babuska [1]) that conditions (3.12)—(3.16) ensure the
validity of (3.2), (3.3), (3.6), and (3.7). In addition, we assume (3.4) holds with 4
and B defined as above.

Thus, all of the hypotheses concerning (3.1) and (3.5), with the above identifica-
tions, are satisfied, and the estimates of Theorem 3.1 hold. We will write out these
estimates in a special case. Suppose the forms a, r, and s are all positive definite.
Then A and B are hermitian symmetric, the eigenvalues A are all positive, and all
generalized eigenvectors are eigenvectors (we have a = 1, and m is the geometric
multiplicity of A). The estimates of Theorem 3.1 thus have the form

(3.17) A = A, < Cel, i=12,...,m,
(3.18) 8(E, E,) < Ce,,
where E is the eigenspace corresponding to A, E, is the direct sum of the
eigenspaces corresponding to A, Ay, - - -, Ay, and
& = sup inf (It = vllx + 12 = Gull w)-

u,p)EE  (Vn ) EXpX W,
llullx +llpllw=1

We refer to problems with the formal structure of (Q1) or (Q2), which satisfy
(3.12)—(3.16) and (3.4), as problems satisfying the full Brezzi hypotheses. There are,
however, other problems of type (Q1) or (Q2) which do not satisfy the Brezzi
hypotheses (in terms of the usual norms that have been used in their analysis).

In general, in the case of problems of type (Q1), (3.12) holds but not (3.13),
whereas, in the case of problems of type (Q2), (3.13) holds but not (3.12). In both
cases the operator T is not defined and that is the main reason why we cannot
always apply the results of Section 3.

We now turn to the consideration of these problems.

4. A Result on a Nonconforming Approximation Method. We analyze in this
section a class of nonconforming approximations to variationally posed eigenvalue
problems.

Let X C H be two complex Hilbert spaces with scalar products ((-, -)), (-, *)
and norms || - ||, | - |, respectively. We suppose the injection of X into H is
continuous, but not necessarily compact. Let ¥ be a closed subspace of X and let



EIGENVALUE APPROXIMATION BY MIXED METHODS 433

a(-, -) and r(-, -) be bounded, sesquilinear forms on X X X and H X H, respec-
tively. We then consider the eigenvalue problem

(4.1) Find A € C, 0 # u € V satisfying
) a(u, v) = Ar(u,v), Vo € V.

Next, we suppose we are given a family { ¥}, }o. 4« Of finite-dimensional subspaces
of X and consider the approximate problems

{ Find A, € C, 0 # u, € V, satisfying

4.2
(4.2) a(u,, v,) = \r(u,, v,), Yo, €V,

(4.1) is a variationally formulated eigenvalue problem and, since V, & V in
general, (4.2) represents a nonconforming approximation to (4.1).
Regarding the form a(-, -) we further assume
(4.3a) Re a(u, u) > au|’>, Yu €V,
(4.4b) Re a(u,, u,) >0, VYu, € V,, u, #0and Vh.

In order to analyze this approximation method we introduce the bounded
operators T, T, T}, T,,: H — H defined by:

Forfe H
(4.4) f €V, a(Tf,v) = r(f,v), Vo€V,
(4.5) T,f € Vs a(T,f,0,) =r(f,v,), VYo, EV,
(4.6) T.fEV, a(v, T‘f) =r(v, f), YoEV,
4.7) Tonf € Vi a(vy, Tynf) = r(vy, ), Vv, €V,
We further assume that
. im|T — T, = 0,
(4.8) lim |7 — T,| = 0

where | - | denotes the operator norm on H. This hypothesis implies T is compact
since T}, is compact. Note that a(Tu, v) = a(u, T,v) forallu,v € V.

As in Section 3, it is easily seen that the eigenvalues of (4.1) are the reciprocals of
the eigenvalues of T and that the eigenvectors of (4.1) are the same as the
eigenvectors of 7.

Let 1 be a nonzero eigenvalue of T with algebraic multiplicity m and let E be the
space of generalized eigenvectors of T corresponding to p. i will be an eigenvalue
of T, with algebraic multiplicity m. To see this, we first note that

(4.9 T,y = I(T,))*1",

where I: V* - V is defined by a(v, I¢) =¢(v), Vv € V, ¢ € V* and (T))*:
V* — V* is the usual V-adjoint of T, considered as a continuous linear operator
on V. From standard results on adjoints we see that j is an eigenvalue of (7',,)*
with algebraic multiplicity m. The same result for T, now follows from (4.9). Let
E, be the space of generalized eigenvectors of T, corresponding to . As a
consequence of (4.8), we know that exactly m eigenvalues of T, converge to p.
Denote these by py,, fops - - - 5 fos- We are now ready to state the main theorem of
this section.
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THEOREM 4.1. There are two constants C and hy > 0 such that, for h < hy,

1
|w~—2mh<0sw sup [r((T = T,)u, o)
i=1 ueE er

lul=1 |o]=
(4.10)

T = Tl - [(Tu = Tai) .

= C§,,
(4.11) pt-— 2 pin | < C8,
l-l

(4.12) b —my” <C8, j=12,...,m,

where, for example, |(T — T,) /5| = sup,eg; juy=1(T — Tp)ul-

Proof. Let T be a circle centered at p which lies in the resolvent set of T' and
which encloses no other points in the spectrum of 7, and let

_1 — -1 —
P——2—Ef(z T)'dz, P,= sz( T,)" dz,

. 27"f(z — *) dz, P, = mj;(z — T,“h)-l dz

be the spectral projections associated with T and p, T, and p,, fop, - - - > My T
and g, and T, and [, flop, - - - > P> TESPECtively; here T is the conjugate cir of T
(positively oriented). From (4.8) we see that A, = P, z: E — E, is a bijection for
small & and that A;! is uniformly bounded in A:

(4.13) IAFY| < C, Vh < h,

Now we define T' = T/E E — E and T,, A;'T,A,: E — E. The spectrum of T is
{u} and that of T, is {u,h, Mops + + - » s ). It is easily seen that P(H) =
P,(H) = E,, P,(H) = E, = the direct sum of the generahzed eigenspaces of T,,
corresponding to gy, p.z,,, vy b, and P, (H) = E,, = the direct sum of the
generalized eigenspaces of T, corresponding to ji,,, iy, - - - » fhy,- Finally, we note
that a(Pu, v) = a(u, P,v), Vu, v € V, and r(P,u, v) = r(u, P,,v), Vu,v € H.
By standard estimates (see, e.g., [45, pp. 80-81]), we have

(4.142) V——%M<QT7H
1 A A
(4.14b) p-— E pa | < CIT =T,
i=1
(4.14c) b — sl <CIT=T,, Jj=12...,m,

where | - | is the operator norm on E (corresponding to the vector norm | - | on H).
Using (4.3), the fact that E is finite-dimensional, and the properties of P, we see
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that
|7~ T, = sup I(T Tyu| < C sup (T — T,)ull
e =1
< Csup sup |a((T —1T,)u, v)|= C sup sup |a((T T,)u, P )
(415) ueE vEV u€E vEV
llull =1 lofl=1 llull =1 [lo]| =1
< Csup sup |a((T —T,)u,v)| < C sup sup |a((T T,)u, T W0)|-
ueE vEE, ucE
llull =1 Jlo]l =1 Jul=1 |°|‘

It follows from the definition of T', and the properties of P, and A, that
a((.’f’ —T,)u, T*v) = r((T - T,)u, v)

r((T — T,)u, v) + r((A3'P, — IN(T — T,)u, v)

r((T — T,)u,v) + r((A;‘P,, —INT - T,)u, v — P*,,v).

Theorem 4.1 now follows from (4.14), (4.15), (4.16), (4.13), and (P, — P,,)/&| <

C(T, — Tyl O
Let us turn now briefly to eigenvector estimates.

(4.16)

THEOREM 4.2. There is a constant C such that
(4.17) 8(E, E,) < C[(T — T,) /g,

where é(E, E,) is the gap with respect to the H-norm and | - | is the operator norm
corresponding to the H-norm.

Proof. A minor modification of the techniques in [36] yields this result. []

5. Problems of Type (Q1). In this section we consider problems of type (Q1) that
do not satisfy the full Brezzi hypotheses ((3.12)—(3.16), (3.4)). We will, however,
make other alternate hypotheses. Throughout the section we suppose H is a Hilbert
space with X C H continuously and suppose that (-, -) is a bounded sesquilinear
form on H X H. We also suppose that b(v, ¢) = 0, Vv € X, implies ¢ = 0 and
that b(v,, q,) = 0, Vv, € X,, implies g, = 0.

We consider now the associated source problem and approximate source prob-
lem as well as their adjoints. These are defined as follows:

Forg € H,
Ag e X,Bg e W,
(5.1) { a(Ag, v) + b(v, Bg) = r(g,v), Vv E X,
b(Ag, q) =0, Vq e W;
A8 € X,, B.g € W,
(5.2) { a(A4,8, v,) + b(v,, B,g) = r(g,v,), Vv, €EX,
b(A,g, @) = 0, Vg, € Wy;

A,g €EX,B qE W,

(53) a(v, 4,8) + b(v, B,g) = r(v,8), Vv € X,
b(A*g, q) =0, Vg € W,
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A8 € X, Byyqg € W,

(5.4) a(v,,, A*,,g) + b(v,,, B*hg) = r(v,, 8), Vv, €EX,,
b(A*,,g, q,,) =0, Vg, € W,.

We shall suppose all these problems are uniquely solvable and that the compo-
nent in X of the solution depends continuously on g (in connection with (5.1), for
example, we would assume ||4g|lx < C|g|ly, V& € H). In many practical cases
(see Subsection 7d), operators B, B, are uniquely defined but source problems
(5.1), (5.3) are not well posed in general.

Let
V={v€EX:b(v,q) =0,VgE W}
and
Vi = {vn € X,: b(0y, @) = O,Vg, € W, }
and assume

Re a(u, u) > allul%k, Vu €V,
Re a(u,, u,) > 0, VYu, € V,, u, # 0and Vh.

If A, (4, p) is an eigenpair of (Q1), then

ueV,u+*0,
a(u, v) = Ar(u,v), Vo€ V.

Conversely, if u satisfies (5.5), then there exists a unique p € W, (p = ABu), such
that A, (u, p) is an eigenpair of (Q1).

Thus, the eigenvalues of (Q1) can be characterized by a problem of type (5.5). p
is the Lagrange multiplier for the constraint ¥ € V and (5.5) is a constrained
version of (Q1).

In a similar way, we see that the eigenvalues of (Q1), can be characterized by the
problem

(5.5)

Seek A, € C, 0 % u, € V, satisfyin
(5.6) { h h h ymng

a(u,, v,) = N\yr(u,, v,), Vo, € V.

Problems (5.5) and (5.6) are examples of problems (4.1) and (4.2). With 4, 4,,
A,, and A4,, defined as in (5.1)-(54) and T, T,, T,, and T,, defined as in
(4.4)—-(4.7), we immediately see that T= A4, T, = A4,, T, = A,, and T,, = 4,.
Assume now that

(5.7) }lli% 4 — Apllun =0,
where, for an operator D: Y — Z, we set
| Dw|| 2
|D|lyz = sup ——=.
| vz wey Wy
w0

(4.8) holds and thus all the hypotheses of Theorems 4.1 and 4.2 are satisfied, and
we can apply them in the present context. Let p be an eigenvalue of 4 with
algebraic multiplicity m, let p,,, py,, - - ., M, be the eigenvalues of 4, converging
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top, and set A=p"", Ny =p3', j=1...,m Let E, E,, E, and E,, be the
spaces of generalized eigenvectors as defined in Section 4.

THEOREM 5.1. Under hypothesis (5.7) there are constants C and hy > O such that,
Jor h < hy,

<C { (4 - Ah)/E"HX"(A* h A*")/E.”Hx

l m
P E

+ sup sup inf
fEE geE, MEW,
Iflla=1lglla=1

b((4 - 4,)f, B,g — )|

+ sup sup inf
fEE, g€E 1€W,
IAlla=1llglly=1

<C ‘ (4 — A;.)/E||Hx||("‘* - A*")/E."Hx

o((4o = 4w 25 = )

(5.8)

1A = A el 0 i |8 =,

llglla=1

+||(A* - A#h)/E‘

sup inf ||Bg——n||W}
HX geE nE€W,

llglls=1

< C{"(A - Ah)/E"HXII(A* - A*")/E. HX
+||(A - Ah)/E"HXII(B* - B*")/E. HW

s = ), B = B0l

Proof. We apply Theorem 4.1 with T=A4, T, =A,, T, =A,,and T,, = A_,.
It is immediate that the second term on the right side of (4.10) is bounded by the
right side of (5.8). It remains to consider

sup  sup |r((4 — 4,)f, 8)l.
fEE gEE‘
Ila=1lgly=1

Let f, g € H. Adding the two equations in (5.3), we have
r(v, g) = a(v, A*g) + b(v, B‘g) + b(A,g, q) , V(n,9) EX X W.
Setting v = (4 — A4,)f and ¢ = (B — B,)f, we obtain
(4 = 4,)f, 8) = a((4 — 4,)f, A,8) + b((4 — 4,)f, B.g)

(5.9)
+ b(4,8. (B - B)).
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Next, we note that subtraction of Egs. (5.2) from (5.1) (with g replaced by f)
yields

a((A — Ap)f, v,) + b(”h’ (B - Bh)f) + b((4 — A, qh) =0,

5.10
(5.10) V(0n gn) € Xy X W,

Now, combining (5.9) and (5.10), we have
(4 = 41, 8) = a((4 — 4))f, A8 — ;) + b((4 — 4,)f, Bog — )
+ b(A,g — v, (B — B)f), V(v 4q)€E X, X W,
Setting v, = A4,,g in (5.11) and using (5.3) and (5.4), we find
(5.12) r((4 — 4,)f, 8) = a((A — Af, (A* - A*h)g) + b((A — A,)f, B,g — ‘Ih)
+b((4, — 4,,)8 Bf — &), Va4 Gu € W,
(5.8) now follows immediately from Theorem 4.1 and (5.12). [

(5.11)

THEOREM 5.2. Under hypothesis (5.7) there is a constant C such that

8(E, E,) < (4 — 43) /gl e
where 8(E, E)) is the H-gap between E and E,.

Proof. This result is a direct consequence of Theorem 4.2. []

Remark. 1t is easily seen that Theorems 5.1 and 5.2 are valid in the more general
context in which the spaces X and W are allowed to depend on h (X = X(h) and
W = W(h)), but V is independent of h, and the forms a and b are bounded for
each h but are not required to be bounded uniformly in 4. This remark is used in
Subsection 7c.

6. Problems of Type (Q2). In this section we consider problems of type (Q2) that
do not satisfy the full Brezzi hypotheses ((3.12)-(3.16), (3.4)). As in Section 5 we
make alternate hypotheses.

We assume H and G are complex Hilbert spaces with X C H continuously and
W C G compactly. We then suppose that s(p, 9) = (p, 9)¢ and that a(-, ) is a
bounded sesquilinear form on H X H satisfying Re a(u, ) > 0V0 #u € H.

Consider now the associated source problem and approximate source problem
and their adjoints. These are defined as follows: For g € G,

AgE X,BgEW

(6.1) { a(Ag, v) + b(v, Bg) =0, Vv € X,
b(4g, 9) = - (8 De Vg € W;
4,8 € X;, Byg € W,
(6.2) { a(A,g, vy) + b(v,, B,g) =0, Vo, €EX,,
b(4,8, a4) = - (& %We Vg, € Wy;

Ag€E€EX,BgeEW
(6.3) a(v, A*g) + b(v, B*g) =0, VoveEeLJX,

b(A*g, q) =-(4,8)¢ Vg e W,
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Ay h8 € Xy, Byyg € W,
(6.4) a(y, A,48) + b(0,, Byug) =0, Vo, € X,,

b(A «h8> q;.) = - (4 8o Vg, € W,.

We suppose all these problems are uniquely solvable.
In addition we assume

(65) lim || B — Bl 55 = 0.

This relation implies that B: G — G is compact. We note that B, = B*, the usual
G-adjoint of B.

The eigenvalues of (Q2) can be characterized in terms of the operator B. In fact,
if A, (u, p) is an eigenpair of (Q2), then ABp = p, p # 0, and if ABp = p, p # 0,
then there is a u € X such that A\, (4, p) is an eigenpair of (Q2). Thus, the
eigenvalues of (Q2) are the reciprocals of the eigenvalues of B. In a similar way, we
see that the eigenvalues of (Q2), are the reciprocals of the eigenvalues of B,

We now apply Theorem 2.1 to the operator B and the family of operators {B,}
on the space G. Suppose A~! has algebraic multiplicity m and let

E =Ker(A\"' — B)") and E, = Ker((A\' — B*)"),

where a is the ascent of A™! — B. Let Aj;, A5}, . . ., A} be the m eigenvalues of B,
that converge to A~! and let A, = (1/m)Z7, A,

THEOREM 6.1. Under hypothesis (6.5) there are two constants C and hy > 0 such
that, for h < hy,

A-A)<cC [ (4 - Ah)/E"GH“(A‘ - A"')/E.“

GH

+ sup sup inf lb((A — A,)f, B,.g — n)l
fEE ge€E, "€W,
Ifllg=1 llgllg=1

v s swp i [bl(de =~ Au)e B =)
Ifllg=1llgllg=1

(6.6)
+||(B - Bh)/E"cc"(B* - B *")/E."oa}

< C{“(A - Ah)/E“GH"(A* B A*")/E. GH
+|(4 - Ah)/E"ox”(B* - B*")/E- ow
+| (4. - A*")/E.HGX”(B = B ellow

108 = B),eloc] (8. — Ba) |}
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Proof. For f, g € G we consider (B — B,)f, g)g- From (6.3) we have
(¢, 8)6 = —a(v, 4,8) — b(v, B,g) — b(4,8,9), VY(v,9) EX X W.
Setting g = (B — B,)fand v = (4 — A,)f, we obtain
(B = B, 8)g = ~a((4 — 4,)f, A,8) — b((4 — A4,)f, B.g)
~ b(4,g, (B - BY).
Subtraction of (6.2) from (6.1) (with g replaced by f) yields

a((4 — A,)f, v) + b(v, (B — B,)f) + b((4 — 4,)f, @) =0,
V(v qy) € X, X W,

(6.7)

(6.8)
Now, combining (6.7) and (6.8), we have
(B — B)f, 8)g = -a((4 — 4,)f, A,g — v,) — b((4 — 4,)f, B.g — 44)
— b(A,8 — 0, (B— B)f), Y(v,q) € W, X W,
Setting v, = A,,g in (6.9) and using (6.3) and (6.4), we get
((B - Bf, 8)6 = -a((4 — 4)f, (4, — 4,4)g)
(6.10) — b((4 — 4,)f, B.g — a4)
- b((A, — Au)2. Bf — &), Y4y, G € W,

(6.6) now follows immediately from Theorem 2.1 and (6.10). [

(6.9)

THEOREM 6.2. There is a constant C such that

8(E, E,) < CIl(B — By) £l e
where 8(E, E}) is the G-gap between E and E,.

Proof. This result follows Theorem 4.2. []

Theorem 6.2 provides an error estimate for the error in the approximation of the
second component of the eigenfunction (u, p), i.e., an estimate for ||p — p,|ls. We
now present a result giving error estimates for both components.

Introduce the sesquilinear forms on (X X W) X (X X W) defined by

A(u,p; v, q) = a(u, v) + b(v,p) + b(u,q) and B(u,p;v,q) = — (P, 9)s
(cf. Section 3) and let 7, 7,: X X W — X X W be the operators defined by

(6.11) (u,p) E X X W,
' A(7(u,p); v, q) = B(u,p; v, q), Y(v,q) €E X X W,
(6.12) [ (4, p) € X, X W,
A(7y(u, p); v, q) = B(u, p; v, q), Y(v,q) € X, X W,.

It is easily seen that the eigenvalues of (Q2) are the reciprocals of the eigenvalues of
7 and that 7 and (Q2) have the same eigenfunctions. The relation between the
eigenvalues and eigenvectors of (Q2), and 7, is the same. We now assume

(6.13) m |7 = 7w xnew = 0.
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We note that 7(u, p) does not depend on u and also that

7(u, p) = (Ap, Bp), Vp € W.
Suppose A7! is an eigenvalue of 7 with algebraic multiplicity m and let E =
Ker((A™' — 7)*) where a is the ascent of A — 7. Let Aj}, A5}, ..., A, be the

eigenvalues of 7, converging to A~' and let E, be the direct sum of the generalized
eigenspaces of 7, corresponding to A, Az, - - .5 A

THEOREM 6.3. Under hypothesis (6.13) there is a constant C such that

8(E’ Eh) < C"(T - Th)/E"XxW’Xx w>
where <§(E, E,) is the X X W-gap between E and E,.

Proof. This result is a direct consequence of Theorem 2.2. [J
There is a subclass of problems of type (Q2) for which it is possible to improve
the above results. Suppose

(6.14) v,cV,

where

and
V={v€EX: b(v,$)=0VpE W},

and that there exists an operator II,: Y = span{A4g},c; — X, satisfying
(6.15) b(y —II,y,¢) =0, Vy € Yand Vo € W,.

The existence of a family {II,} satisfying (6.15) and which is in addition
uniformly bounded with respect to the X-norm, is closely related to the condition
that there is a k, > 0, independent of A, such that

up 120 9

2 kollgllw, Vo € W,
vEX, lloll x

(see [6], [15], [17]). II, has been constructed for several mixed methods (Ciarlet-
Raviart [10], Herrmann-Miyoshi [20], [21], [29], and Herrmann-Johnson [20], [21],
[25], for example). Condition (6.14) is relatively special. It holds, for example, in the
Herrmann-Johnson method; cf. Subsection 7b(ii).

We assume here, for the sake of simplicity, that the form a is hermitian. Then
A = A, and B = B,. It follows from (6.1), (6.2), (6.14), and (6.15) that
(6.16) b(A,g — II,Ag,¢) =0, Vg &€ Gand Vo € W.

Now, using (6.10) and (6.16), we obtain

((B — B,)f, 8)g = —a((4 — A,)f, (4 — A4,)g) — b(Af — T1,4f, Bg — m)

(6.17) —b(4g ~ TL,Ag, Bf — 1), V.1 € W,

Combining (6.17) and Theorem 2.1, we have in this case
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THEOREM 6.4. Under the assumptions above, there exists a constant C such that
2 2
P‘ - >‘h| < C{"(A - Ah)/E"GH

+ sup sup mf b(Af — I1,Af, Bg —
(6.18) sup s o 16( wAf, Bg — )|
Ifle=1lgllc=q

2

+I(B = B))/sllse}- O

Remark. 1t is easily seen that Theorem 6.4 holds in the more general context in

which W is a Banach space, the space X is allowed to depend on & (X = X(h)),

and the form b is bounded on X(h) X W for each h but is not required to be
bounded uniformly in A. This remark is used in Subsection 7b(ii).

7. Applications. In this section we apply the results of Sections 3-6 to a variety of
methods of mixed and hybrid type.

a. In this subsection we discuss a method which fits within the framework of
Section 3. Consider the eigenvalue problem

-Ay = A in§,
(-1 [ v=0 onT =939,
where © is a convex polygon in R2% We then consider the following mixed

formulation of (7.1):
Seek A, (4, ¥) € H(div, Q) X L*(Q) satisfying

fuadx +fxpdiv6dx =0, Vo e H(div, Q),

(7.2) @ e

f ¢ divirdx = -\ f Yo dx, Ve LAQ).
Q Q

If A, ¢ is an eigenpair of (7.1) and u = grad ¢, then A, (u, ¥) is an eigenpair of (7.2),
and if A, (4, ¢) is an eigenpair of (7.2), then A, ¢ is an eigenpair of (7.1) and
u = grad ¢.

The eigenvalue problem (7.2) is of type (Q2) with X = H(div, Q), W = LX),
a(u, v) = [quv dx, b(u, §) = [q div wy dx, and s(y, ¢) = fa Yo dx. If we set V =
{v € X:b(v,q) =0,Vqg € W} = {v € H(div, Q): divv = 0}, it is immediate that
(3.12) and (3.13) are satisfied. (In this subsection we use the norm ||u|| = (fg|u|* dx
+ foldiv u|? dx)'/? on H(div, R).) We next describe the finite-dimensional sub-
spaces used in the approximation scheme. Following [40], we begin by introducing
the space Q associated with the unit right triangle T in the (¢ m)-plane whose
vertices are 4, = (1,0), 4, = (0, 1), and d; = (0, 0). For K > 0 an even integer,
define Q to be the space of all functions § of the form

A R R A RARRRT LR LL
gy = polg(§, m) + Ben®*! + Byt X + - - o+ Byt K/ 2 K/2H

with SX/2 (~1)/(a; — B) = 0, where pol(£, 1) denotes any polynomial of degree K
in the two variables £, 1. For K > 1 an odd integer, define Q to be the space of all
functions 4 of the form

(7.4) { g = POIK(& n) + ao§k+l + al'ﬁK'? + - +a(K+1)/2§(K+ l)/z"](KH)/z,
G, = polg(¢, m) + B ™*' + B ® + - - - +,B(K+1)/2§(K+l)/2"7(K“)/2,
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with
(K+1)/2 . (K+1)/2 .
2 (D= X (-)B=0.
i=0 i=0

Now consider any triangle T in the (x,, x,)-plane whose vertices are denoted by
a, 1 <i<3.Let Fp: % — Fp(%) = Bpx + by, By € £(R?, b, € R? be the unique
invertible affine mapping such that F(4) = a;, 1 <i < 3. With each vector-valued
function ¢ = (0,, 6,) defined on T we associate the function v defined on T by

1
v = -J—TBTDA ° FT—I
where J. = det By.
For 0 < h < 1, let 7, be a triangulation of € made up of triangles T whose
diameters are less than or equal to . We assume the family {,} satisfies the

minimal angle condition, i.e., there is a constant ¢ > 0 such that

hT
max — <o, Vh,
Ten Pr
where A is the diameter of T and p; is the diameter of the largest circle contained
in T. We now let

X, ={v € H(div, Q): VT € 7, v/ € 07},
where
Qr={veEHWiv,T):6€Q)} and W,={¢€ L¥Q):VT €1,¢/r € P},
where Py is the space of all polynomials of degree K in the variables x;,, x,.

We now consider the approximation method (Q2), (or (3.5)) with X, and W, as
above. (3.14)—(3.16) are shown to be satisfied in Theorems 3 and 4 of [40]. We can
thus apply the results of Section 3 to this method.

With this method we obtain an approximation to A, y and u = grad .

From Theorem 3.1 (or from (3.17)) and Theorem 3 in [40] we have (using the
notations from Section 3)

A=Ny|<Ceg=C  sup inf (Jlu = w) + ¥ — Ylloa)
(WY)EE  “EXy
(7.5) llull+ [ ¥lloa=1 ¥+ € Wa

= 2K+2
= Ch 8

provided ¢ € HX*%(Q). For the eigenvector error we obtain 8(E, E,) < Ch¥*],
where 8(E, E,) is the gap between E and E, in the norm of H(div, ) X L*).

Remark. We obtain the same estimates when we use the finite-dimensional
subspaces described in [18].

b. In this subsection we study mixed methods for the approximation of eigenval-
ues of 4th order problems. Eigenvalue estimates for these methods were first
obtained by Canuto [9].

(i) Consider the model eigenvalue problem

A =Ny in Q,
(7.6) )
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where € is a convex polygon in R% The mixed method we study here is based on
the following formulation of (7.6):
Seek A, (u, ¥) € H'(R) X Hy(R) satisfying

fuadx —fv—ow dx =0, VYve H\Q),
(7.7) e g

-fwv—.p dx = -Af¢$ dx, Vo€ HAQ),
Q Q

where V is the gradient operator.

It is not difficult to show that if A, y is an eigenpair of (7.6) and u = —Ay, then A,
(u, Y) is an eigenpair of (7.7) and if A, (u, ¥) is an eigenpair of (7.7), then A, ¢ is an
eigenpair of (7.6) and u = —Ay.

The eigenvalue problem (7.7) is of type (Q2) with X = H(Q), W = H)(R),
a(u, v) = [q ub dx, b(u, ) = —fo VuVy dx, and s, ¢) = [ ¥é dx. Note that
assumption (3.12) is not satisfied here.

Next, we discuss the approximate eigenvalue problems. As in Subsection 7a, let
{r,} be a triangulation of & which satisfies the minimal angle condition and is in
addition quasiuniform, i.e., there is a constant 7 > 0 such that

h in hy <7, Vh.
max r/ min Ay <7
Then we consider problem (Q2), with
X, ={veE C'Q):v/r € P, VT € 1,}

and W, = X, N Hy(Q).

With this method we obtain approximations to A, ¥ and ¥ = —Ay. This method
as applied to source problems was studied in Glowinski [19], Mercier [27], and
Ciarlet-Raviart [10].

We analyze this method by means of Theorems 6.1, 6.2, and 6.3. Our problem
fits into the framework of Section 6 with H = G = L*). Clearly B, = B,
A, = A, and B is selfadjoint. The problems (6.1)—(6.4) are uniquely solvable and
B, B,: L) — L%() are easily seen to be compact. Suppose K > 2. Then, using
the results in Subsection 3a in [15], we have:

(7.8a) (4 — 4,)8lloa < Ch*~?| Bg|s.2,
(7.8b) (4 — 4,)gll10 < Ch* | Bg|s0,
(7.8¢) (B — B,)glloa < Ch*~"|| Bg||ss0
(7.8d) (B = Byg|ia < Ch*~"| Bgl|szs

where s = min(r, K + 1) and Bg € H'(Q).

From (7.8c) with s =3, we see that ||B — B[l gy < Ch? and hence that
lim, o[l B — Byllge = 0.

We can thus apply Theorems 6.1 and 6.2.

Let A be an eigenvalue of (7.6) and suppose the corresponding eigenfunctions y
are in H"(R) with r > 3. Then, using Theorem 6.1 and (7.8), we immediately obtain

(7.9) A = Ayl < CR¥4,



EIGENVALUE APPROXIMATION BY MIXED METHODS 445

where s = min(r, K + 1). Note that since B is selfadjoint we obtain estimates for
each A — A, instead of for A — A

We now turn to eigenfunction estimates. For the sake of simplicity, we assume A
has geometric multiplicity 1. From Theorem 6.2 we obtain

(7.10) l¥ = dillog < CA*7Y,
and from Theorem 6.3 we obtain
(7.11) |u — U)o < Ch*~3,

where s = min(r, K + 1) provided ¢ € H'(2). In (7.10), ¥ and y, are normalized
with respect to || - [log, and in (7.11) u and u, are normalized with respect to
Il - I, We note that we must check that lim,_o||7 — 7, || x x w,x x w = 0 in order to
use Theorem 6.3. This follows from (7.8b) and (7.8¢c) and the regularity estimate
I1Bglls+0g < Cll gllog for some e > 0.

These techniques can also be applied to the mixed method of Herrmann-Miyoshi
[20], [21], [29]). The analysis is essentially the same as that above and we would
obtain estimate (7.9) for this method. We note that our analysis of these methods
does not yield results when K = 1. For the case K = 1 see Ishihara [22], [23].

(7.9) yields an improvement over the estimates in Canuto [9] in the case when the
eigenfunctions have low regularity. If, for example, ¢ € H>3(Q) and K = 3, then
(7.9) yields the estimates |\ — A,,| < Ch®, whereas the estimates in [9] yield |\ — Ainl
< Ch.

Part of the results in this subsection are contained in [38].

(ii) Herrmann-Johnson Method. We consider here a further mixed method for the
approximation of (7.6), which has been introduced in [8].

Let K > 1 and let {,} be a family of triangulations satisfying the minimal angle
condition. Given T € 7, and a function v = (v;;) with v;; € H T), 1<i,j<2
and v, = v,,, we define

2 2
M) = X oyvy, and M, (v) = > O i¥%Tis
ij=1 ij=1

where » = (»,, »,) is the unit outward normal and 7 = (7, 7,) = (v,, —»,) is the unit
tangent along 97 Let

X =X(h) = {v = (v,): v; € LX), vy, = vy, v, € HYT),
VT € 1, and M,(v) is continuous across interelement boundaries}

with
2 2 2
Mix= 2 2 ol z
i,j=1 TEm,

and
W = WyP(R), where p is some number larger than 2.

The mixed method we study here is based on the following variational formula-
tion of (7.6):



446 B. MERCIER, J. OSBORN, J. RAPPAZ AND P. A. RAVIART

Seek A, (u, ¥) € X X W satisfying

2[ gdx + 3 { > fa”a"’ dx—faTM,,,(v)%ds]=O,

ij=1 Ten ij=1 x; Ox;
(7.12) we
oy 3¢ %% _
2 dx - M (W)= ds} = =\ d Vo € W.
L T%-r,, { i,jz.l axj ox; jZ;T (%) Py L‘I’d’ X, [

If A, ¢ is an eigenpair of (7.6), then A, (0%/ 0x,0x)), ¥) is an eigenpair of (7.12),
and if A, ((;), ¥) is an eigenpair of (7.12), then A, y is an eigenpair of (7.6) and
;=19 N/ 0x;0x;. (7.12) is a problem of type (Q2) with X and W as above and

a(u, v) = 2 fu ;0 dx,

ij=1

l

We consider problem (Q2), with
X,={vE X:v,, € P ,VT € 7,}
and
W, ={¢ € C'Q): ¢,7 € P, VT € 7,4 = Oon 32}

With this choice we have the method of Herrmann-Johnson [20], [21], [25] in case
K =1 (for K > 1, see [8]) and we obtain approximations to A, 3%}/ 0x;0x; and .
Our problem fits into the framework of Section 6 with G = L*Q) and H =
(L%(R))* (cf. remark at the end of Section 6). We can now apply Theorem 6.4 if we

remark that the operator II, exists and that V, C V.
From the results of Subsection 3¢ in [15], we have

(7.13a) (4 = 4)log < CA* | Bflsey 3 <s<K+2
Ch° Y |Bfll,e 3<s<K+2,ifK>2
CH|Bflyg if K =1,

inf |b(Af — IL,Af, Bg — )| < Ch***~ % Af||;— 20| B .00
)"IE Wy

(7.13b) ||(B = B)flloa < {

(7.13¢
3<s<K+22<t<K+1.

Suppose A is an eigenvalue of (7.12) and suppose the corresponding eigenfunctions
Y are in H’(2). Now Theorem 6.4, together with (7.13), yields

(7.14 A=Al<cr*t 4 s=min(K+2,r), t=min(K+ 1,r).
h

This result improves on the result in Canuto [9] if r < K + 2.

c. In this subsection we discuss a hybrid method for the approximation of the
eigenvalues of 2nd order problems. The related approximation for source problems
was studied by Raviart-Thomas [41] and Thomas [44]. As in Subsection 7a, we
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consider the Dirichlet eigenvalue problem
{ —Au=Au inQ,

u=20 onT = 09,
where Q is a convex polygon in R,

For spaces we choose H = L*(Q), X = Iz, H'(T) with

L \1/2
e = ( 2 netin)
TEnT,

(7.15)

W= { p € I H*@T): there exists a function g € H(div, Q)
TET,

suchthatg-» = pon o7, T € 1-,,}

with || g, = (2 Tenll “‘”EI/LGT)VZ’ where

|l #fl-1/2.0r = qeéﬁfw, 2 19l aiv, Ty

gv=pondT

9l sca. 7 = (l4llo.r + A3l div gll5.7)
For sesquilinear forms we choose

1/2

a(u,v) = Y, f VuVodx and b(u,p)=- > f upi ds,
Ten T TEr, T
where the integral over 3T expresses the duality between H '/%dT) and H ~'/2(3T).
We then consider the following formulation of (7.15):
Seek A, (4, p) € X X W satisfying

(7.16) a(u, v) + b(v, p) = )\fuﬁ, Vv € X,
. Q

b(u, q) = O’ Vq e Ww.

If A, u is an eigenpair of (7.15) and p = du/dv on 0T for all T € 7, then A, (u, p) is
an eigenpair of (7.16), and if A, (u, p) is an eigenpair of (7.16), then A, u is an
eigenpair of (7.15) and p = 9u/0v on 9T for all T € 7,. (7.16) is an eigenvalue
problem of type (Ql) with X, W, H, a, and b chosen as above and r(u, v) =
fq uv dx.

We next describe the finite-dimensional approximating spaces that we will use.
Let K > 1 be an odd integer. For X, we choose [l ¢, Px(T) where Pg(T) denotes
the space of functions defined on T which are polynomials of degree less than or
equal to K. For W, we choose

W, ={p€ W:p,r € Sk_,7)},

where Sy _,(97) is the space of all functions defined on 97 whose restrictions to
any side T’ C 9T are polynomials of degree less than or equal to K — 1. For a
more complete treatment of these spaces as well as a description of families of
approximating spaces indexed by even K we refer to [41], [44].

We now recall the basic estimates for the errors (4 — A4,)g and (B — B,)g which
are proved in Raviart-Thomas [41] and Thomas [44]:
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(7.17) [(4 = 4),lx +1(B = Bzl < Ch'| 48|11
(7.18) "(A - Ah)gno,n < Ch1+l||A8||1+1,n,
for/=1,...,K, provided Ag € H'*'().

We have V = H*Q) N Hy(Q); our problem fits into the framework of Section 5
(cf. remark following Theorem 5.2) and we can thus estimate the eigenvalue errors
with Theorem 5.1. A is selfadjoint in this example. Let A be an eigenvalue of (7.15)
and suppose the corresponding eigenfunctions u are in H'*!(®) with 1 </ < K.
Then combining Theorem 5.1 and Estimate (7.17) we have

(7.19) A = Ayl < CRE.

We now consider eigenfunction errors. We assume A has geometric multiplicity 1
for the sake of simplicity. From Theorem 5.2 and (7.18) we get

provided u € H'*'(Q). Here u and u, are normalized with respect to || - ||oq.
d. In this subsection we consider the approximation of an eigenvalue problem
associated with the Stokes problem by a method developed in Girault-Raviart [18].
Let © be a convex polygon in R? and consider the eigenvalue problem
Find A, # and p satisfying
-Aii +grad p=Aid in%,
divi=0 in €,
=0 on T = 3Q.
If we introduce the stream function ¢ (& = curl ¢), this problem can be formulated

as:
Find A, ¢ satisfying

(7.21)

—AY =AY inQ,

7.22

( ) = a—‘P =0 onT.
dv

We then consider the following mixed formulation of (7.22) (introduced in [18] for
source problem):
Find A, (4, p) € X X W satisfying

{ a(u, v) + b(v, p) = Ar(u, v), Vo € X,

(7.23)
b(u’ q) =0, Vg E W,

where
X = H}(Q) X L*(Q),

W = H\(Q),

a(u, v) =fw0—dx foru = (Y, w), v = (¢, 0) €.X,
Q

b(u, q) =f(c:;l écg;l Y — qw) dx forue X,qe W,
Q

r(u, v) = fncurl Y curl ¢dx foru,v € X,

where c:;l ¢ = (=0¢/9x,, 3¢/ 0x,).
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If A, ¢ is an eigenpair of (7.22) and w = p = Ay, then A, (¥ = (Y, w), p) is an
eigenpair of (7.23), and if A, (v = (Y, w), ) is an eigenpair of (7.23) then A, ¢ is an
eigenpair of (7.22) and w = p = —Ay. The eigenvalue problem (7.23) is of type
(Q1). Note that assumption (3.13) is not satisfied here.

Next we consider the approximation method introduced in Girault-Raviart [18].
We again let {7,} be a quasiuniform family of triangulations of Q that satisfies the
minimal angle condition and let

W,={q€C%Q):q,r € P, VT €7} and X,=(W,n Hy(Q)) X W,
Then we consider the following approximate problem:

Find A,, (u,, p,) € X, X W, satisfying
a(uy, 0,) + b(vy, 1) = Nyr(y, 0,), V0, € X,
b(uh’ qh) = 0’ th € Wh'

(7.23) and (7.24) fit into the framework of Section 5 with X, W, a, b, and r defined
as above and H = Hy(R) X L%(). In this case, we have

V={v€EX:b(v,q) =0,VgE W} = {(¢, 0):¢ € H(Q) and 9 = —A¢},

and a(-, -)is V-elliptic.

We now recall the basic estimates for the error (4 — A4,)g of the source problem,
which are proved in Girault-Raviart [18].

Set Ag = (¢, 0), A,8 = (¢4, 6,). We have

(7.24)

(7.25) (4 — 4,)g|lx < Ch)|\g| &

(7.26) (4 — Agllx < CHE2{|[¢l|lx+ 1,000 + 6]l k+3/220),
if o € WKL) 0 HX*+3/%(Q),

(1.27) ¢ = élla < ChX|]lx+10

if o € HX*!(Q), provided K > 2.

Let A be an eigenvalue of (7.22) and let & be the corresponding eigenspace. Then
A~' will be an eigenvalue of 4 with the eigenspace given by E = {(y, —Ay):
¥ € & ). Let m be the multiplicity of A™'. From (7.25) we see that

lim||[4 — A4 =0.
;,li%“ wll mar

Thus, m eigenvalues Aj}, . . ., A, of 4, converge to A", Assume & c WX*1=(Q)
N HX*2(Q). We can now estimate the terms on the right side of (5.8).
From (7.26), we have

(7.28) (4 = 4,) 6] 5y < CHXL
Next, let f, g € E with || f||g = || gllg = 1 and set Af = (¢, 8) and A,f = (¢, 0,).
Then, using (7.26) and (7.27), we have

|b((4 — 4,)f, Bg — )| =) Jfcutl s = ) curl (Bg — ) dx

- fﬂ (6 — 6,)(Bg — m) dx
< C{|l¢ — ¢l 10l Bs — e +119 — Gillogll Bs — nlloa}
< C{h¥||Bg — |1 + h*X"/?|Bg — nljoe}
< Ch*~Y{h||Bg — n|j1a +|Bg — |0}
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for any n € W,. Since Bg € H%(), by standard approximation results we have
(7.29) inf |b((A4 — A,)f, Bg — m)| < CR*¥~ 1.
nEW,

Finally, combining (5.8), (7.28), and (7.29), we have
(7.30) A= Nl < Ch?k-1 j=1,2,...,m.

e. In this subsection we consider a method introduced by Crouzeix-Raviart [11]
for the approximation of the eigenvalues of the Stokes problem (7.21). Let

X =HyQ), W=LYQm

2 ou; dv,
a(u,v) = fﬂa—xja—xjdx foru,v € X,

ij=1
b(u,q)=—j;2qdivudx forue X,qe w.

Then we consider the following formulation of (7.21):
Find A, (4, p) € X X W satisfying

{ a(u, v) + b(v, p) = Mu, v)12@, Vv E X,

7.31
(7.31) b(u, q) =0, Vg e W.

We next consider the finite-dimensional approximating spaces that we will use.
Suppose F, C HJ(®) and G, c L*R) are given finite-dimensional spaces and
X, = Fand W, = G, /= Regarding these spaces, we assume

(H1) there is a bounded operator r,: (H*(2) N H(R)) — W, that satisfies

(i) fq g div(v — r,v) dx = 0 for all ¢ € G,

(ii) there is a positive integer K such that

lra0 = Vllgree) < Ch'|v||w+1@ forl <I<K,

and

(H2) the spaces G, contain constants, and if P, is the orthogonal projection of
L*Q) onto G,, then

fqu=0 implies fP,,qu=O
o) Q

and ||g — Pyqllog < Ch¥||glige 1 <! <K

Several examples of families of spaces satisfying (H1) and (H2) for various
values of / are constructed in Crouzeix-Raviart [11].

With X, and W, defined as above, we consider the approximate problem:

Find A, (u,, p,) € X,, X W, satisfying

(732) { a(uh’ vh) + b(v’l’ ph) = Ah(ulv vh)[}(g), VOh (S Xh’

b(u,, q,) = 0, Vg, € W,.

(7.31) and (7.32) fit into the framework of Section 5 with X, W, a, and b defined as
above and H = L%R). The eigenvalue error that arises in this approximation can
now be estimated with the aid of Theorem 5.1. Regarding the associated source
and approximate source problems, Crouzeix-Raviart [11] have shown that

(7.33) (4 = 4Ly < Ch'(| Aoy + | Bl 10)
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and
(7.34) (B = Bllw < Ch(| A1) +11Bfllia) for 1 <I<K.

Let A™' be an eigenvalue of A4 with multiplicity m. Then m eigenvalues

Th> -« -» A Of A, converge to A™'. Suppose that the associated space E of

eigenfunctions satisfies £ ¢ H**'() and B(E) c HX(Q). Then it follows im-
mediately from Theorem 5.1, (7.33), and (7.34) that

(7.35) A=A <Cr¥  1<j<m,

for 1 </ < K. (7.35) was proved by Osborn [37]. We remark that this method can
also be analyzed by means of the results in Section 3.
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